Three Dimensional
Geometry
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CHAPTER

Level - 1

1. Option (C) is correct.

CORE SUBJECTIVE QUESTIONS
MULTIPLE CHOICE QUESTIONS (MCQ)

4. Option (D) is correct.

(1 Marks)

Explanation: The distance of a point P(a, b, ¢) from the
y-axis is given by:

Distance = +/(a - 0)% + (c — 0)?

=va*+c*
. Option (B) is correct.
Explanation: The given lines are:
x+1:2—y:£0rx+1:y—2:z—0
2 -5 4 2 5 4
x—3:y—7:5—zorx—3:y—7:z—5
1 2 3 1 2 3

The direction ratios of these lines are:

From the first equation: (2, 5, 4)

From the second equation: (1, 2, -3)

The angle 6 between the two lines is given by the
formula:

ayay +byb, +cic,y

cos O =
\/alz+blz+cl2 ~\/a§+b§+c§
030 = (2)(1)+(5)(2) +(4)(-3)
22+ (52 +42 12 422 + (-3)?
B 2+10-12
Ja+25+16 -1+4+9
0
V4514
=0
0==
2

. Option (C) is correct.
Explanation: Given Cartesian equations:
bx-2=3y+1=2z-2

6(x—%)=3(y +%)=2(z—1)

1
x_g_y"'g_z—l
1 2 3
Thus, Drs are 1, 2, 3.

[On dividing by 6]

Explanation: Vector equation for x-axis is 7= A
where x = A. Let a point P(%, 0, 0) is on the x-axis

perpendicular to the given point A(0, 1, 2) then AP is
perpendicular to Ai.
AP \i =0where AP = Ai — | -2k
(M — j—2k)- (M +0] +0k)=0
A2 =0

A =0, so the foot of the perpendicular drawn from the
point (0, 1, 2) is (0, 0, 0).

. Option (C) is correct.

Explanation: The given symmetric form of the line is:
_2z+1
6

x-1_
2

)
o
or x—1_y-0_ ( 2
2 1 3
We compare this with the general symmetric form:

X=X _ YW _Z27%
a b c

Y

Thus, the direction ratios are (2, 1, 3).

. Option (D) is correct.

Explanation: The line makes angles o, B, y with the
positive x, y, z axes.
The known fundamental identity is:
05?0 + cos?0 + cos?0 = 1
(A) cos’a + cos’p + cos’y = 1 (True, fundamental
identity)
(B) sina. + sin? + sin?y = 2
Since sin%0 = 1 — Cosze, we get:
sina. + sinZB + sin% = 3 - (coszoc + COSZB + coszy)
=3-1=2(True)
(C) cos 20 + cos 2P + cos 2y = -1
=2cos’o—1 + 2 cosZB -1+ Zcoszy— 1
= 2(cos’a + cos*B + cos?y) -3
=2-3
= -1 (True)
(D) cos 2a. + cos 2B + cos2y = 1 (Not True)



7. Option (B) is correct.

Explanation: We know that vector equation of a line is

F=d+\b
Given 7 =(1,-1,0)
Here, b= (0,1,0) [+ parallel to y-axis]
Feiojed)
. Option (C) is correct.
Explanation:
L 1-x _Yy- 1 _z
2 3 1
or -1 _y-1_z
-2 3 1
Ly 2x-3 =l=2_4
2p 1 7
3
2 y-0 z-4
or » q Ty
On Comparing with

X=X _Y-Wi_27%
a b c

Direction ratio of line (i) are
am=-2,b=3c¢=1
Direction ratio of line (ii) are
a=pby=-1,c=7
when L; L L, then ajay + biby + cic; =0
L2Xp+3X () +1x7=0
L=2p-3+7=0=>p=2
. Option (B) is correct.
Explanation: We are given:
A point on the line with position vector a= i —}' ,
which corresponds to the Cartesian coordinates (1, -1, 0).

Aline in vector form:

r=i+k+u(2i- )
Here, the direction vector of the given line is
d=2i- } + 012, or in coordinate form: (2, -1, 0).
Equation of the Required Line
A line passing through point (1, -1, 0) and parallel to
direction vector (2, -1, 0) has the Cartesian equation:

x-1_ y+1 z

2 -1 0

10.

11.

12.

13.

Option (B) is correct.
Explanation: We are given the equation of a line in
symmetrical form:

Xy z

1 -1 0
From this equation, the direction ratios (d.r.s) of the
line are:

(1,-1,0)

The formula for the angle 6 between a line with
direction ratios (g, b, ¢) and the positive Y-axis (0, 1, 0) is:

(1-0+(-1)-1+0-0)
cos 0 =

JI+1+0 x+/1
_0-1+0_-1
Vx1 2
1

B

(1357 Cos(31‘t) -
COs 5 ool =
4) 2
Thus,
L
4

Option (D) is correct.
Explanation: Given line is 7 = (2 + K)f A k} +(2A - 1)]2

=2§—I€+k(f+}'+2]€)

which is of the form 7 =a+Ab
x-1 y+3 z-2
1 2
[As lines passes through (1, -3, 2) and having Direction
cosines (1,1, 2)]
Option (C) is correct.

. Required line is

Explanation: Given points:
A(0,0,2)and B(3, -2, 5)
Position vector of 4:

i=0i+0]+2k

Direction vector b :
b=(3-0,-2-0,5-2)=3,-23)
or in vector form:

7 = 2k + M3 — 2] +3k)

Option (B) is correct.
Explanation: The given lines can be written as:
1L
x—5:y—2:z—0 and x—Ozy 2:7:—0
7 5 2 1 A 3
2

Dr’sofline1 = (7,-5,1)
A
Dr’s of line 2 = (1, P 3)

Two lines are perpendicular if the dot product of their
direction ratios is zero:



(7><1)+(—5><%)+(1><3)=0

7- Sk +3=0
2

10 - o 0

2

St 10

2

A=4
14. Option (D) is correct.
Explanation:
1
x-1_y-1_*7
2 -3 6

Yo _¥Y~Yo _Z277%
b c

Comparing with .
a

we get direction ratios (d.r.s) = (2, -3, 6)
Direction Cosines (d.c.s)
a b c
= , m= , n=
\/L12+b2+c2 \/112+bz+c2 \/112+b2+c2
Va2 112 4 ¢? =422 +(-3) +6
=v4+9+36
=V49=7

l

1. Option (A) is correct.
Explanation: If a line is perpendicular to all three
coordinate axes, its direction cosines should be zero
for each axis.
However, the sum of squares of the direction cosines
must always be 1:
cos’a + COSZB + coszy =1
This equation cannot hold if all cosines are zero, which
means such a line does not exist.
(A) True, (R) True, and (R) explains (A).
. Option (D) is correct.
Explanation: The direction vector b of the line
through A(-1, 0, 2) and B(3, 4, 6) is:
b=B—(-1))i +(4—0)]+(6—2)k = 4i +4] + 4k
The correct equation should be:
7= (—i +2Kk)+ M(4i +4] +4k)
The given equation is incorrect as the direction vector
is wrongly written as i+ } +k.
(A) False, (R) True.
. Option (D) is correct.
Explanation: The correct direction ratios are:
3-1,-1-2,3-3)=(2,-3,0)
The correct equation of the line is:

15.

16.

17.

ASSERTION-REASON QUESTIONS

Now, the direction cosines:

Option (D) is correct.
Explanation: A line parallel to the z-axis, x and y are
zero, so the direction ratios must be:
0,0,1)

Option (D) is correct.
Explanation: A line parallel to the z-axis has direction
ratios (0, 0, 1), passing though (1, 1, 1)

x-1 y-1 z-1

0o 0 1

Option (B) is correct.

Explanation: The direction cosines (I, m, n) are given

by:
I =cos30° =£, m = cos 60° =l, n=cos90° =0
2 D,
Direction ratios (d.r.s):
(_@,1,())
A

Equation of line passing through origin

D) 7
2x _2y_z
~ B1 0

(1 Marks)

x-1_ y-2 z-3
2 =0 0
The given equation incorrectly swaps (x1, ¥, z1) with
(x2/ y2, ZZ)'
(A) False, (R) True.

. Option (A) is correct.

Explanation: The given assertion states:
sin®a + sinZB + sinzy =2
Using the identity:
sin®0 = 1 - cos’0
(1 - cosa) + (1 - cos?p) + (1 —cos?y) = 2
3- (cosza + COSZB + COSZY) =2
Since, coso. + cos?p + cos?y = 1
3-1=2
2=2
(A) True, (R) True, and (R) explains (A).

. Option (C) is correct.

Explanation: Direction vector of first line: (2-4,3-7,
4-8)=(-2,-4,-4).

Direction vector of second line: (1 - (-1), 2 - (-2),5-1)
=(2,4,4).

Since both vectors are scalar multiples of each other,
the lines are parallel.



However, the reason is incorrect because parallel
vectors should be proportional, not necessarily

perpendicular (which happens if bib, = 0).
(A) True, (R) False.
. Option (A) is correct.
Explanation: Assertion (A): The lines 7 =4, + Ab, and
7 =i, + A\b, are perpendicular when
by.b, =0
Two lines are perpendicular if their direction vectors
satisfy b,.b, = 0.
Reason (R): The angle 6 between two lines is given by:
bi b

A

OA =4i+3k

OB =k

BA =OA-OB=4i+2k
|BA| =~/16+4 =~/20 =25

A 420
25 245

=i+
or BA =55

So, the angles made by vector BA with x, y and z axes
are respectively

cos™! [i), E, cost (i)
J5)2 J5
.cosa =cosP=cosy=1I
= P+P+P=1
= 3% =1
1

l:'

3

1 1 1
Direction cosines of the line are ﬁ, 73, ﬁ

= The direction ratios are 1,1, 1
.. Vector equation of the line is:

r :25+3}'—512+X(f+}+12)
. The direction ratios of the two lines are: 7,- 5,1 and 1,
2, 3 respectively.
.. The angle between the two lines is given by:

_ o 7()=5(2)+1(3)
0 =cos (\/49+25+1\/1+4+9)

= 6:cos_10:E
2

VERY SHORT ANSWER TYPE QUESTIONS

4.

The formula for cos 0 correctly explains the angle
between two lines.

. Option (A) is correct.

Explanation: Assertion (A): The vector equation of a
line passing through (1, 2, 3) and (3, 0, 2) is:

r=i+2]+3k+A2i —2]—k)
Where direction vector is calculated as:
3-1,0-2,2-3)=(2,-2,-1)

Reason (R): Equation of a line passing through two
points is

r=a+Mb-a)
Given equation is correct.
(A) True, (R) True, and (R) explains (A).

_ (i=2j-2K).(3i +2j - 6k)
|i —2]—2k|.|3i +2] - 6k|
_ (1)(3) +(=2)(2) +(=2)(=6)
VD +(-2)° #2237 + (22 + (-6)?

_
"~ 21

= @=cos | (1—1~)
21

cos 0

. Durs.oflinesare < 2,7,-3 > and <-1,2,4>

Now2X-1+7X%X2+-3%x4=0

.. Given lines are perpendicular.

. General point on the curveis P(k, 2k + 1,2k-1),k € R

OP =+11= OP*=11
SR+ Rk + 12+ k-1 =11=k= =1
.. Coordinates of points are (1, 3, 1) & (-1, -1, -3)

. The equation of the line can be written as:

x-b_ vy z-d

a 1 c

. The direction ratios are g, 1, ¢
A point on the line is (b, 0, d)

. d.r’s of lines are <-2, 3p, 4> and <4p, 2, -7>

As lines are perpendicular

—8p + 6p—-28 =0
= p=-14
7 |oax1+-5x0+Bx1|
cos— =
\/a2+B2+25\/E
1 |o+B|

V2 =1/(x2+[32+25\/§
= lo+ B| = Yo’ +B>+25



10.

11.

12.

13.

1.

Squaring both sides, we get
o + B2+ 208 = o + P2 + 25

25
= ==
ofy >

Vector equation of the line passing through (2, 1, 3) is
7 = (2 +] +3k)+ Mai + bj + ck)

Line 7 is perpendicular to the given lines then
a+2b+3=0;
-3a+2b+5=0
b

N
|

—_

o~

o]

=a=2k,b=-7kand c = 4k.
Thus, the required vector equation is

7= (20 + ] +3k)+ M(2i — 7] +4k)

The equation of the given line is

3 3
X—— Y+— z——
5 _ 15 _ 10
1 1 1
5 15 10
Its direction ratios are.
(1, i, —l) or (6,2, —3)
515" 10
6 2 _3
i i i +—,x—,F=—
Direction cosines are ( St 7)

3 7 3
Point through which line is passing = (g, 5 E)

Let 0 be the angle between the given lines. Then
o e:|(31+2]+6k).(z+2]+2k)|:g
| o+a+36vI+a+a | 21

=0=cos ! (B)
21

The given line is

x—5_y—2_i x—5_y—2__7i
T T 1RHg\ W !
5 7 35

So, the required vector equation of the line passing

through (1,2, -1) is
F=(i+2]=k)+\M7i 5] +k)

Cartesian equation of the line is

(i) 0 =cos_1( ﬂll'lza J

L 11L]
~cos] (i —2]+3k).(3i 2] +k)
|G —2]+3k)| | (3 —2] +K)|

14.

15.

16.

17.

18.

19.

20.

SHORT ANSWER TYPE QUESTIONS

x-1_ y-2 z+1
7 -5 1

D-ratios of the two lines are 1, -2, 2 and -3, 2, 6
-3-4+12 5 :ezcos—l(i)
21

3x7 21
The equation of the lines in standard form are.
x-1 y-1 z-3
-3 2 2

cos0 =

1
- ¥Y=2 42—
and x-1 _ 3_2-6

3k 2 -5

Lines are perpendicular
9k +4k-10=0=>k = -2

D.c’s are cos o, cos B, cos y

cos?o + cosZB + coszy =1
= (1 -sin?a) + (1 - sin?) + (1—-sin%) = 1
= sina + sinZB 4 sinzy =2
Required equation of line is given by
e G 23
. N
Y QWi
— TR

Putting z = -2, we get

y-2=~1=y=1
I =cosa,m=cosP,n=cosy
= cos?a + cosZB + coszy =1
cos 20 + cos 2B + cos 2y
=2cos?o—1+2 COSZB —1+ 2cos?y-1
= 2(c052a S cosZB + cos?y) -3

=2-3
=1
Equation of line
1
Y7o y+2 z-3
12 2 3
2

Direction ratios of line are 6, 2, 3

Direction cosines of line are <i§, + %, J_r;>

Vector parallel to the required line is 2i — 2} +k
Required vector equation of the line

F=(2—j+k)+ M2 —2]+k)

(3 Marks)

—COS_l( 3+4+3 ]
V1+4+9V9+4+1

=cos ™! (E) =cos ™! (E)
14 7



(ii) Scalar projection of

LD, (i—2j+3k).(3 —2]+k)

I onl,=-"L12= o

T |(3i 2] +k)]|
_ 3+4+3 B 10
Vo+4+1 14

. Line perpendicular to the lines

7 =2§+}—31€+k(f+2}'+512)

and 7 =3i+3]-7k+u(3 —2j+5k)
has a vector parallel it is given by
ik
b =byxby=|1 2 5
3 2 5

=20 +10; -8k
.. Equation of line in vector form is
7 =—i+2]+7k+y(10i + 5] — 4k)
And equation of line in cartesian form is
x+1 y-2 z-7
10 5 —4
. General point on the given is M(54 — 3,21 + 1,31 - 4)

Direction ratios of PM are 5, — 3,21 -1,3L -7

If this point is the foot of the perpendicular from the
point P(0, 2, 3), then PM is perpendicular to the line.
Thus,

GL=3)5+@L-1)2+ BL-7)3=0
=>r=1
Hence co-ordinates of M are (2, 3, -1)
. Here

i =i+2j—4k, by =2i +3] +6k
fy=3i +3]—5k, by =4i +6]+12k
Here, b, and b, are parallel vectors.

ﬁz—ﬁl =22+}—l€

j =2i+3j+6k

\ \IBP L

Thus, (ﬁz—ﬁl)Xb =2 1 -1
23 6

=9i —14] + 4k
(dy — ;) xb
|b]
J81+196+16
J4+9+36
V293
7

Distance between the line =

units.

. 1 =cos60° :%, n=cos45° =

5. A general point on the given line is M(3\ + 15, 8% + 29,

5L + 5).

DRs of PM are (3: + 10, 8A + 22, -5\ + 2)

This general point for some specific value of A will be
the foot of the perpendicular drawn from (5, 7, 3) on
the given line is PM L line.

i.e.if (3A + 10)(3) + (8A + 22)(8) + (-5A + 2)(-5) =0
=>Ai=-2

Hence, M is (9, 13, 15) is the required foot of the per-
pendicular.

. Let the required point on given line be (34 -2, 24 -1,

2\ + 3) for some A.
According to question

Jor-32 +@A-42 +(24)% =5

17A% =34\ + 25 = 25
17A(L =2) = 0 gives A = 0, A = 2
. Coordinates of required points are (-2, -1, 3) and
4,3,7)

G =3i+5]+7k by =(i<2j+k)

By=-i-j=k = By=7i-6j+k
(ﬁz—ﬁl) :—4i—6j—8k

Ll K

Elxgz = 1 -2 1

7 6 1

—4i +6]+8k

(@, — )by Xby) = ~16—36- 64 = — 116
|6y xby | =16+ 36+ 64 = /116

SD. = |_116 I J116 units

—_
s“)—l ()

Now, P+ m?+n*=1

= l+ m? +l =1
4 2

=m?= l =>m= il

4 2
0 = 60°

. L . 11 1
Required direction cosines are { —, —, —=
22" 2

Let, iy =1+2]+3k, Gy =4i +]

by =2i +3]+4k, by =50 +2] +k

iy —i; =3i — -3k

by xby =51 +18] —11k

Here, (i, —d;).(b; xby)=-15-18+33=0

Hence given lines are not skew lines.



1.

7= (—f - } - 12) + k(7f - 6}' + 12); where ‘A’ is a scalar.
P(7A-1,-6A-1,1~-1)

<

Q(M+3,_2u+5,“+7)

S oA
= (3; +5]/'\+ 7]/2) +I~L(l/'\—

A A
2+ ky; where /s 4 scalar,

Given that equation of lines are

=l

S O N ()

=l

= (31 +5]+7k)+u(i - 2] +k) ...(ii)

The given lines are non-parallel lines as vectors

and

2—2}+12 and 7i —6j+k are not parallel. There is a
unique line segment PQ(P lying on line (i) and Q on the
other line (ii)), which is at right angles to both the lines
PQ is the shortest distance between the lines.

Hence, the shortest possible distance between the lines
=PQ

Let the position vector of the point P lying on the inner
7= (—f - } - 12) +M7i—6] + 12) where ‘A" is a scalar, is
(7A— 1)f —(6A+ 1)} +(A— 1)12, for some X and the position
vector of the point Q lying on the line 7 = (3 +5]+7k)
+u(f - 2} + 12) where ‘W’ is a scalar, is

(n+ S)f +(2u+ 5)} +(u+ 7)12, for some p. Now, the
vector

PO=00-0P = (L+3-7h+1)i +(-20+5+6A+1)j
+(W+7—A+1k

ice. PO=(U—7h+4)i +(=20+6k+6)j+(1L—A+8)k;
(where O’ is the origin), is perpendicular to both the

lines, so the vector PQ is perpendicular to both the
vectors 7; — 6] + kandi-2j+ k.
= (u-7A +4).7+(-2u + 6L + 6).(-6) + (L—A +8).1=0
and (L—7A + 4).1 + (=211 + 61 + 6)(=2) + (-2 +8).1=0

20p - 86X = 0

6 —20n =0

On solving the above equations, we getp =24 =0
So, the position vector of the points P and Q are

- } —k and 3i + 5} +7k respectively.
PO =4i+6]+8k

and [PQ| =+/4% +62 +82

=+/116 = 24/29 units.

LONG ANSWER TYPE QUESTIONS

(5 Marks)

P(1,2,1)

-
A L + 3,20-1,30+1) B

Q (x1/ Y ZT)

Let P(1, 2, 1) be the given point and L be the foot of the

perpendicular from P to the given line AB (as shown

in the figure above).

2=8 i a=
Y 3

Then,x=A+3,y=21-1,z=31L+1

Let the coordinates of the point L be (A + 3, 2A — 1,

3L+ 1).

So, direction ratios of PL are (A + 3—-1,2A—1-2, 3\ +

1-T)ie. (A +2,21-3,3%)

Direction ratios of the given line are 1, 2 and 3, which

is perpendicular to PL. Therefore, we have

Let’s put =A,

(7»+2).1+(27L—3).2+37\,.3=0=>147L=4:>7\.=%

Then, k+3=z+3:§;27»—1=2(%)—1=—§;
7 7 7 7
37»+1=3(E)+1=13
7 7
Therefore, coordinates of the point L are (?, - %, g)

Let Q(x1, y1, z1) be the image of P(1, 2, 1) with respect to
the given line. Then, L is the mid-point of PQ.
1+x 23 2+y; 3 14z 13

Therefore, , P
2 7 2 7 2 7
U O U]
1= LA e

Hence, the image of the point P(1, 2, 1) with respect to
» 2 1)
7 7

the given line Q( -

The equation of the line joining P(1, 2, 1) and

39 20 19).
=, -=,=|is
Q(7 7 7)

x-1  y-2 z-1 =>x—1_y—2_z—1
32/7 -34/7 12/7 16  -17 6

. Let foot of the perpendicular on the given line from

point P be M(A, 21 + 1,31 + 2)



® Py 2)

A
4
\/

@ P(1,0,7)
DR’sof PP’ are A —-1,21L + 1,31 -5
1A -1)+22r +1) +33L-5) =0
=ir=1

Coordinates of M(1, 3, 5)

x+1=1, y+0 _, 247 _

3, =5
2 2 2

=>x=1y=62z=3=DP(1,6,3)

. Let direction ratios of the required line be a, b, ¢

.. The required line is perpendicular to both the given

lines
3a-16b + 7c =0
and 3a+8b-5c=0
a b _c

2436 72

a_b_c
=S —_—=—=—

2 3 6
The mid-point of the line-segment AB is (3, 4, 6).
Hence, the required equation of the line is
x-3 y-4 z-6

2 3 6

. The mid-point of the BC is (_?1, 2, O)

The equation of the median through A is
x-1 _y-1_z

T 2.1 0
2

- x-1gfy-1_3 ()
R W)

The mid-point of the AC is (;1, E, ;1)
22 2

The equation of the median through B is

71_1 3., 71_1
2 2 2
- Ealgyeye 2 _z-1 -2
3 a1 3

Any point on the line (1) is (<31 + 1,21 + 1, 0)
Any point on the line (2) is (-3p + 1, -p + 2, -3p + 1)
For the point of intersection,

B3r+1=-3u+1,

W+l =-p+2,

0=-3u+1
1
S A=u==
H=3
The coordinates of the centroid are (0, %, 0) .
x y-1_ z-2 x-1_ vy z-7
L E=t——= =M\l ——=-L= =
172 3 279 T3T T M

any point on [; is (A, 2A + 1, 3% + 2) & any point on [,

is (1, -3w, 2u + 7)
If I; and I, intersect,

A=12r+1=-3pand3r +2=2p+7=A=1and

=-1
Point of intersection of Iy and I, is (1, 3, 5).
Let d.r’s of required line be <a, b, c>. Then,

a+2b+3c=0and-3b+ 2c =0 :>i=i=L
13 -2 -3
Required equation of line is . _23 B _35
A(-1,2,1) B(1,-2, 5)
D C

d.r’s of CD are <1, -2, 2>
.. d.r’s of AB are <1, -2, 2>
x+1 y-2 z-1

. Equation of AB is
-2 2
.. Equation of CD is x—4 y+27 = Z;8

Let d;=—+2)+k dy=4i ~7]+8k &b =1 -2]+2k
Now, i, —i; =51 —9]+7k
Pk
(dy—d)xb=|5 -9 7|=-4i-3]-k
1 -2 2
Distance between AB and CD is given by
_l@-a)xb|
0]

= units

N1+4+4 3
AB =122 +(—4)% + (4)? =6 units

Area of parallelogram ABCD

26

= AB><d=6><T6=2\/% sq. units

. Equation of the given in standard form is



L :%: y;3 211 11. Equation of Ly : 7=2i — j+k+A(i + ] +3k)
Equation of the line parallel to L; & passing through Fquation of Ly: 7= (i +j-2k) +1(2j k)

(4,0,-5)is Taking
x-4 vy z+5 ~ I T

L, ———=J_-2"77 4y =2i—j+k,by=i+j+3k
2775 ) 1 1 ] 1 ]
Vector Equation of Lines are dy =i+j—2kby=2j-k
Ly:7=(0i +3]+k)+M2i +2]+k) fy—iiy =—i+2]-3k, by xby =—7i + j+2k
Ly :7 = (4 +0] —5k)+u(2i +2] +k
27 =i +0j] ) TR 2] 4E) Shortest distance = @ = al)(b1><b2)| i unit
Now, IbIXb2| \/g
iy —diy = (4 +0] - 5k) - (0 +3] +k) = (4i -3] - 6k) 12. 7:(82_9}+1ozz)+x(sz_l6j+7zz)}
e 7 = (151 +29] +5k) + u(3i + 8] - 5k
b=2i+2j+k r=(si ] JHHGI+8) )

A We have, i, =8 =9j+10k, b, = 3i —16] + 7k,
(@y—d)xb=|4 -3 —6/=9i-16j+14k iy =15i +29] + 5k, by, = 3 + 8] — 5k

2 2 1

1= JATTF =3 dy—i, =7i+38] -5k

Thus, distance between the lines is & y P 3
|y —,) x5 | _ BT+ 256+ 196 \/_53 B -
SD.=—2_1 units 3%¢8 -5
6] 3
L x=1_y-2_z-3 = 241 +36] +72k
B T = =
-3 2k 2 S
by xby).(dy — 98
= direction ratio’s of L; = <-3, 2k, 2> Shortest distance = % D 14
L.x—l_y—l_z—6 1772
27 3k 1 -7 13. If the given lines intersect then,
= direction ratio’s of L, = <3k, 1, 7> i—j+6k+NBi—k)=—3]+3k+u(i+2]j-k)
Since L1 1L Lz,
Ok +2%k-14=0=k=-2 Solving the equations,
Thus, d.r'sof L; = <-3,-4,2>,d.r'sof L, = <—6,1,-7> 1+3h=n,-1=2u-3, wegetA=0,p=1
Now the vector perpendicular to both L & L, is given which do not satisfy the equation, 6 -1 = 3 —
by .. Thelines do not intersect, hence no point of intersec-
7 j k tion. They are skew lines.
b=|-3 —4 2/=26i-33]j— 27k Now the line perpendicular to both the lines will be:
-6 1 -7 * Perpendicular to both direction vctors p; and b,
Thus, equation of the required line is * Passes throgh the shortest line segment between
s A A - B A skew lines.
7=(3i —4j+7k)+N26i —33]—27k) o
i j ok
. The standard form of the equation of the line is d= *1 % *2 —I3 0 —1=2/+ 2]*. 6k
=y y_z2-1 12 -1
-2 6 -3

Point Pon line 1is (1 + 3%, -1,6 - 1)
Point Q on line 2 is (u, -3 + 2, 3 — )
Now, @51 =0 and @EZ =0

Let foot of the perpendicular from the point A(2, 3, -8)
to the given line be B(-2A + 4, 6\, -3A + 1)

D-ratios of ABis: 2\ + 2,61 -3, -3\ + 9

As AB is perpendicular to the given line: On solving, we get A= and i = 10
221 +2) +6(6L-3)-3(-3L+9) =0=>r=1 11 11
.. Foot of th dicular is: B(2, 6, -2 -
oot of the perpendicular is: B( ) . Point P = ( 67) (Lolﬁ,é)
Perpendicular distance = AB =35 units 11 11 111



27 24 87
Now, mid-point of PQ = (— — 7) or

22" 22722
(& -2 QJ
2" 11722
27~ 124 8712)

Thus, equation of required lineis 7 = (—1 -——jt+—=
22 117 22

+ (21 +2] +6k)
14, @ =1+2]—4k,dy=3i —3] -5k
by =2i +3]+6k, by =—2i +3] +8k

here, ﬁz—ﬁ1=21¢—5}'—lg

ik
byxby, =| 2 3 6/=6i-28j+12k
-2 3 8 17.
|by xby | =964
oD, = (ﬁz—@)-@xgz)
o [by 3Dy |
_|(2)(6) +(=5)(-28) + (=1)(12)|
964
_ 140 70
Joss 241 18.
15.
AQ2,3,-8)
C
B x-4_y _z-1_,
2 -6 8

Any point on line is 2\ + 4, =61, 31 + 1) for some L.
Let B2\ + 4, -6, 31 + 1)

dr.of AB= <2\ +2,-61-3,3% + 9>

d.r. of BC = <2,-6,3>

AB L BC= 22\ + 2)—6(-6A-3) + 331 + 9) =0 19
=>AiA=-1

.. Foot of the perpendicular, B(2, 6, -2)

Now,

AB=(2-2)2 +(6-3)2 +(-2+8)* =45 or 34/5 units

16. Vector equation of required line through (1, 2, 4) is
F=i+2]—4k+\2i +3] +6k)
x-1_y-2_z+4
3 6
Equation of line through A(3, 3, -5) and B(1, 0, -11) is
7 =31 +3] - 5k +W(2i +3] +6k)

and cartesian equation

Distance between parallel lines is given by

d:|(‘72—‘z1)><5|
D]

Here [ = 2i +3] +6k, 4, =i +2] — 4k, G, = 31 +3] — 5k
(i —)=2i+ -k

(y — ;) xb =91 —14] + 4k

i ]k
=2 1 -1|=9i-14]+4k
23 6

sod= ﬁ units
%

- 12 z-3
3 6

Equation of line AB is

Let coordinates of required point on AB be (21 + 1,
3\ + 2,6\ + 3) for some A € R

According to Question,
(21 -2)%* + (BL—=3)* + (6L =6)* = 14* gives A*~21.-3 =0
Solving we get A = 3 and -1
.. Required points are (7,11, 21) and (-1, -1, -3)
x-4_y-2_z+6

2 11

Equation of diagonal PR:

x-5 y+3 z-1

Equation of di 1QS:
quation of diagonal Q P 0

General points on PR & QS are (8k + 4, 2k + 2, 11k - 6)

and (6t + 5, 12t — 3, -3t + 1) for real numbers k" and

‘t’ respectively.

For point of intersection of PR and QS:
8k+4=6t+52k+2=12t-3

1

1
Solving, we get k=—,t=—
ving, g ) )

. . . 1
.. The point of intersection is | 8,3, ~3

. Let direction ratios of the required line be g, b, c.

Since it is perpendicular to the two given lines,
a+2b+3c=0;-3a+2b+5c=0

Solving together, a = 4k, b = -14k, c = 8k

x+1 y-3 z+2

. Equation of line is: =
4k 14k 8k

x+1 y-3 z+2
= = =
2 -7 4

Vector equation: 7 = —i+ 3}' — 2k + (20 - 7} +4k)

Distance from origin = |(=i+3j~ %k) >i(21 - 7j+4k)]|
|2 —7j+4k|




2 7 4
| 2i-7j+4k|

_ |—21+k|
|21 7]+4k|

B o [ e

20. As lines are intersecting, (i, —d).(b; X by) =0

21.

22.

4-1 1-b -3
=| 2 3 4(=0
5 2 1

-15+18-180+ 33 =0
=>b=2
y—-2 z-3

x—1
Any point on the line = = is
yP 2 3 4

@r+ 1,30+ 2,41 +3),LeR
For the point of intersection, this point must lie on
the line
x—4 _Yy- 1 —s
5 2

2A+1-4 3A+2-1

= =
5

=>Ai=-1

=4\ +3

.. point of intersection is (-1, -1, -1)
x-4 y-7 z-8
4 4
x-2 y-3 z-4
5 3
x+1 y+2 z-1
1 2 2
_y-2 z-5
3 15 3

Equation of the line AB:

Equation of line BC:

Equation of line CD:

Equation of line DA : ad

Let P be foot of perpendicular from A to CD.

.. Coordinates of P are (A — 1, 2L - 2, 2 + 1) for some
AeR

d.r’'sof AP are (A—=5,21-9,21.-7)

since AP L CD

=>1A-5) +22r-9) +22r-7) =0

=9A=37 =S A= 24

.. Coordinates of P are (ﬁ, ol , @)
9 979

Shortest distance
-3 2 -2
3 2 5
4 3 -2

J@x-2-5x3)* +(3x—2-4x5) +(3x3-2x4)2

23.

25.

26.

_ -3(-19)-2(-26) - 2(1)
V3614676 +1
_57+52-2
V1038
107

———#0
V1038

So, the line will not intersect each other.

The given lines are
z—0

*0_y0_270 x_y_=2
1/2 1/3 -1 3 2 -6
x—0 ]/ 0 z-0 x y z
d or Z
an 1/6 -1 -1/4 2 -12 -3
Let 0 be the angle between the two lines, then
(3%2) +(2x-12)+(-6)(-3)|
cos @ =
J+4+36V4+144+9 |
_[6-24+18
7 X~/157
=0
=0=90°
ij ok
(@y—dy)=—jand by xby =1 -1 1=—i—j
1 -1 2

(y —diy) (b x b)=1#0= Lines are not intersecting.

General point on the line, say, P(2%, 31 + 2, 41 + 3)

Direction ratios of the perpendicular from the point
(3,=1, 11) to the line are

20—3,3\ + 3,41 -8
And direction ratios of the line are 2, 3, 4
220 -3) +3(BL +3) +4(4A-8) =0=>Ar =1
- (2,5,7)is the foot of the perpendicular.
Equation of the perpendicular
¥x-3 y+1 z-11
1

Cartesian form: =
-6 4

Or, Vector form: 7 = (32 - j + 11]2) + k(f - 6} + 412)

line 1: x+1:y;3=2;5=x ()
line 2 : xlzzy;4zzg6:u (2)

General points on (1) and (2) are
(Br-1,50-3,7r-5)and (u + 2, 3u + 4, 5u + 6)
for the lines to intersect,

Bh-1=p+2 (3
50-3 =3u + 4 ()
7A-5=5u+ 6 .(5)

Solving (3) and (4) gives A =% and pu= —%



Clearly these values of A and p satisfies (5)

= given lines intersect.

. . .o (1
Point of intersection is E' -, =

27. Given lines are x;1:y+1:z—0

x+1 y-2 z-2
5 1 0

and

In vector form, lines are

F=(i=))+M2i+3]j+k)=d; +Ab
and 7 = (—1 +2] +2k)+ W(5i + ) = i, + Ab,

Now, i, — iy = -2i +3]+2k

i j ok
byxb, =2 3 1=-i+5j-13k
510
|byxby| =+195
sp. =|@ “Zl)@l xby)
[by xby |
_|2+15-26] 9 it
J195 | 195

28. Assumes that O(x, y, z) is the point of intersection of PQ

Level - 2

1. Option (A) is correct.

Explanation: To find the direction ratios of the line

joining points A(2, 3, 4) and B(6, 7, 8), we subtract the

coordinates of A from B:

Direction ratios = B-A=(6-2,7-3,8-4) = (4,4, 4)
2. Option (A) is correct.

Q4
S

Explanation: cos =

Q)
S

la||b]
di.dz = B)1) + () (-2) + V)Q)

=3-4+2=1
ld1| = 32 +22 +12
=9+4+1=+14
ld2| = {12 +(=2)% + 22
= J1+4+4 =3
cos 0= L
3J14

4 1
= COs —
o= 57

and line m.

x+8 5-y z-4

Writes that =), where X is a

constant. 3
Using the equations from step 1, finds x, y and z as
follows:

x=2\-8

y=5-3\

z=D51L+4

Notes that O(x, y, z) and P both line on line PQ.
Finds the direction ratios of PQ as:
(2L —8—(=2),5-3%—(-7), 51 + 4 - 2)

= (2h—6,12-3%, 5\ + 2)
Since PQ is perpendicular to line m, equates the dot
product of their direction ratio to 0 to find A as 1.
=221 -6)-3(12-31) + 561 +2) =0
=4L-12-36+ 9L + 250 +10=0
= 38\ =38
=>r=1
Finds the O(x, y, z), the coordinates of the foot of the
perpendicular from P to line m as (=6, 2, 9).
Assumes the coordinates of Q as (g, b, ¢). Finds Q as
(=10, 11, 16) using the midpoint theorem as:

24+ a=2(-0)
= a=-10
-7 +b =22
= b =11
25e=2(9)
= c=16

ADVANCED COMPETENCY FOCUSED QUESTIONS
MULTIPLE CHOICE QUESTIONS (MCQs)

(1 Marks)

3. Option (B) is correct.
Explanation: Let, Direction vector of Line 1,

« Direction vector of Line 1,
al = 2; — } + 12
« Direction vector of Line 2,

dy = f+2}+l€

«ApointonLinel: P;=(1,23)
« A oint on Line 2: P,=(311)
Joining the two points:

1—31 f’z =

(B-1)i+(1-2)j+(1-3)k = 2i —j—2k

The shortest distance is the projection of P1.P2 and

d1 xdz (normal vector to both lines)

4. Option (C) is correct.

Explanation: If two lines in space intersect, they must
lie in the same plane —i.e., they are coplanar.



1. Option (A) is correct.

Explanation: Assertion is true. Skew lines are lines that
do not intersect and are not parallel, often seen in 3D
space.The shortest distance between such lines is the
length of the perpendicular segment connecting them.
This represents the minimum separation between these
two lines.

Reason is also true and aligns with the standard method
in vector geometry.

1. Writes that the sum of the squares of the direction
cosines is equal to 1 and finds a as

{1_(i+2_5)} P
98 98)] o8 = o8
(Award 1 mark if only the value of o is found correctly.)
Writes that the angle between the line and the z-axis is:

cos™! 8 18
NES)

or Cos

N

2. Assumes the angle between the two lines as 6 and
writes:

1. Writes that the direction ratios of the given line are
(@,b,c)=(-3,1,1).
Writes that any point on the given line is:
(14 2xa,2+24b, 0+ k) = (-3h -1, A +2, &), where L
is a parameter.
Uses the distance formula between (-1, 2, 0) and (-3
-1,A + 2, %) to find A as:

(302 422 + 22 = (64/11)?

S>A==*6

Substitutes A = 6 and (-6) in (<31 - 1, A + 2, &) to get
(=19, 8, 6) and (17, -4, —6) respectively.

Concludes that the coordinates of P are (-19, 8, 6) or
(17, -4, -6).

1. (i) @ =0i+0j+0k dy=3i+3]

fp—i; =3i+3]

=>

by xE, =

N = =
=N~
|
—_

ASSERTION-REASON QUESTIONS
2. Option (A) is correct.

VERY SHORT ANSWER TYPE QUESTIONS

. Writes that te lines are parallel and so %z —

SHORT ANSWER TYPE QUESTIONS

CASE BASED QUESTIONS

(1 Mark)

Explanation: Assertion is true. If two roads intersect
and the angle between them is 90°, then they meet ata
point and are perpendicular at that point. The direction
vectors of the roads will also be perpendicular. When
two vectors are perpendicular, their dot product is zero.

Reason is also true because this is a basic identity in

vector algebra.
(VAVENS)

where, b, = (i + } + 12) and by = (2i + Gj - 12).

Substitutes 0 as 90° and finds G as:

cos90° - 0 EV@ MG + (1)
35+ 42 |

=>G=3
L Sl
-2 =2

Finds k as % and j as (=3).

. Since the two lines are perpendicular, writes the equa-

tion:
32) +2(1) +2(-k) =0
Solves the above equation to find the value of k as 4.

(3 Marks)

2. Writes that the helicopters are flying parallel to one

another and the shortest distance, d, between them is:
b x (iy —iiy)
[b]

Where, d; = 2i +3] +2k,dy =i +2]+3k, b =31 + ] + 2k

Simplifies the above expression as:

312
-1 -1 1| [3i-5]-2k |Vo+25+4|
|\/9+1+4|_| J14 |_| J14 |

V19

Evaluates the above expression as W units.

(4 Mark)

=3i-3j-3k

_ (@ =) (b xby)|
|51 xb, |

SD

Now, (A ~i;).(by xby) = (3 +3j)(3i —3] - 3k)



(ii)

=9-9=0

Shortest distance between two lines = 0
Any point on the line 7= 7»({+2}—12) is
A +2M] — Ak
Any point on the line 7 = 3i +3]+1(2 + ] +K) is
2u+ 3)f +(u+3)}'+pl€
As the lines are intersecting,

A=2u+3,2A=n+3
Onsolvingp=-1,A=1
Point of intersection is i +2j—k or (1,2, —1)

1. (i) To find the direction ratios of vector AB, we sub-
tract the coordinates of point A from point B.
AB, = (5-3,3-4,3-0) = (2,-1,3)
(i) CD=(13i—5]—4k)—(6i —4j+k)=7i - j—5k
Unit vector = 7izjk
JP + (1) +(-5)
7i - -5k 1 s n s
= (7i — j - 5k)
JOP+ 1?57 BB
1 -~ ~ A
= —(7i—j-5k
503 (7i — j—5k)
(iii) (a) AB =(5-3)i +(3-4)j+(3-0)k
or AB =2i—j+3k
Also, CD =7i—j-5k

1. (i)

Let angle between AB and CD is 6.
_ (4B).(CD)
| AB|.|CD|
(2i — j+3k).(7i — j—5k)

2. (i)

) J@2 + (1) 32472 + (-1)2 +(-5)2
14+1-15

NN

The general vector form of a straight line in space
is:

"t) = a+tb

where, aisa point on the line and b is the direc-
tion vector.
Satellite’s position vector can be rewritten as:

Ht) = 1i+1j—Tk+#(2i +1]+1k)
So, it is in the form Fo=a+ tl;;; where:

.4 =11,

LONG ANSWER TYPE QUESTIONS

S.cosO=0=cosO = COSE:G:g

So, AB and CD are perpendicular.
OR

(b) Vector perpendicular to both ABand CD is
(@ X @)
I
So, ABxCD =12 -1 3
7 -1 -5
ABxCD =i(5+3)— j(~10-21)+k(-2+7)
ABxCD =8 +31]+5k
AV = Position Vector of V — Position Vector of A
= 3i+7j+11k-7i 5] -8k
=10 +2] +3k
Thus, [AV] =100+ 4+9 = /113 units

(ii)) DA = Position Vector of A — Position Vector of D

=7i+5]+8k—2i—3]—4k

=5 +2] +4k
Unit vector in the direction of DA = bi -+ + 4k
35
(iii) (a) DV =5 + 4] +7k
ZVDA=cos! ﬂ— =cos ! (%)
|DV || DA| 90
OR
(b) DV =50 + 4] +7k
Projection of DV on DA = DV.DA | _ %
|DA| 15
(5 Marks)

. b =1
Hence, the satellite moves along a straight line.

(ii) We check if there exists a value of t such that:

Qi+ Lt+1,t-1) =(1,2,3)
Equating components:
2t+1 =1=t=0
t+1 =2=t=1
t-1=3=t=4
We get three different values of t — which is not
possible.

Hence, the satellite does not pass through point A.



(iii) Let the line pass through point Py(1, 1, - 1) and

have direction vector d = (2, 1, 1).
Let point B(4, 5, 6) be the external point.
Let PB =B-P =(@4-1,5-1,6-(-1))
=3,4,7)
The shortest distance D is given by:
|PBxd|
T |d]

=l
I

(3,4,7),d =2,1,1)

~
o~}
X
QU
Il
N W =
—_ R~
=N =

i(4x1-7x1)— j(3x1-7x2)

+k(3x1-4x2)

i(=3)— j(-11)+k(-5) = (-3, 11,-5)
Magnitude of cross product:
|PBxd| = (-3)*+11% +(-5)
= V9+121+25 = V155
Magnitude of direction vector d = (2,1, 1)
ld] = V22412412 = Ja+1+1 = V6

155
D = = =
6

.

Ed

15 units

L 4



